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ON THE WEAK* MAZUR INTERSECTION PROPERTY 
AND FRECHET DIFFERENTIABLE NORMS 
ON DENSE OPEN SETS 
BY 
J. P. MORENO (*) 
ABSTRACT. - We prove in this paper the following renorming result: every Banach space 
with a fundamental biorthogonal system admits an equivalent norm with a dense set of 
locally uniformly rotund points. Then we obtain new sufficient and necessary conditions 
for the existence of Frechet differentiable norms and norms with the Mazur (weak* Mazur) 
intersection property. These conditions are expressed in terms of norms with are Frechet 
differentiable on dense open sets. 0 Elsevier, Paris 
1. Introduction 
It was MAZUR [14] who first considered the study of those Banach spaces 
which have the euclidean space property later called the Muzur intersection 
property: every bounded closed convex set can be represented as an 
intersection of closed balls. A systematic study of this topic was initiated 
by PHELPS [ 181 and continued by SULLIVAN [20]. Later, GILES, GREGORY 
and SIMS gave some characterisations of this property [.5]. They also 
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considered, for a dual space, the weak* Mazur intersection property: every 
bounded weak* closed convex set can be represented as an intersection 
of closed dual balls. It is a well-known fact that there exist relationships 
between the Mazur and the weak* Mazur intersection properties and 
the differentiability of norms (see [2] and references therein). A Banach 
space X is said to be Asplund if every continuous convex function defined 
on a nonempty open convex subset D c X is Frechet differentiable on a 
dense Go subset of D. Every Banach space with a FrCchet differentiable 
norm is Asplund [ 121 but, on the other hand, HAYDON [7] proved the 
existence of Asplund spaces admitting no Gateaux differentiable norms. 
Asplund spaces can be characterized as those admitting no rough norms [ 91 
(i.e., “uniformly non Frechet differentiable” norms). However, it has been 
proved in [15] that every Banach space admits a Frechet differentiable 
norm on a dense open set. Denote by F,y the set of equivalent norms on 
a Banach space X which are Frechet differentiable on a dense open set. 
Once we know that F>y # 0 for every Banach space X, the questions that 
we consider in this paper are: When is F>y non-meager? When is F>y 
dense ? It will turn out that the answer to these questions is tightly related 
with the Mazur and the weak* Mazur intersection properties. 
We prove a renorming theorem in Section 2 concerning the weak* 
Mazur intersection property. Then we show that a Banach space X with 
a biorthogonal system admits a Frechet differentiable norm provided the 
set F-y is non-meager. We also prove that the dual space of e, (I’), for 
every I’, can be renormed with the weak* Mazur intersection property. 
In Section 3 we are concerned with a question of approximation. Denote 
by Fdyq the set of equivalent dual norms on X* which are Frechet 
differentiable on a dense open set. It is proved that every norm on a 
Banach space with the Mazur intersection property has a dual norm which 
is in the closure of F,\-, . Analogously, every norm on a Banach space 
whose dual has the weak* Mazur intersection property is in the closure of 
FAy. This is the case, for instance, of locally uniformly rotund spaces. As a 
consequence of these results, we obtain that the Asplund space considered 
by HAYDON in [7] satisfies that F,\- is dense and meager. Some results of 
this paper have been announced in [ 161. 
We only consider Banach spaces over the reals. Given a Banach space X 
with norm 11 ]I and X > 0 we denote by XB]].]] (X) or simply by XB]].]] 
the closed ball {Z E X: ]j~cl] 5 X}, by XSI].I] (X) or XS~I,I] the sphere 
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{x E X; /1x]/ = X} and by X* the dual space with the dual norm 
11 . II*. A norm I . I is said to be X-isomorphic to the norm ]I . I] if 
q.ll G  q.1 c_ qI.II. A slice of the ball B]].]I is a set of the form 
S(Bl1.11, f, 6) = {x E BII.II; f(x) > 6) with f E X*\(O), ad 6 < Ilfll*. 
Let N (X) be the set of all equivalent norms on X. This space endowed 
with the topology of the uniform convergence on bounded sets is a Baire 
space ([2], p. 52). We denote by N* (X”) the set of all dual norms in the 
dual space X*. It is well-known that the dual mapping 11 3 11 -+ II . II* 
is an homeomorphism between N(X) and N* (X”). A point 17: E SI].]I 
is said to be a denting point of B]].I] if for every E > 0 there exists 
f E X” and 0 < S < f (z) such that diam S (BI].]], f, 6) < E. The 
norm II . 11 is 1ocaEZy uniformly rotund at the point IC E X if whenever 
{Zig} c X is such that lim , 2 (j]~]]~ + ~]Ic~]]~) - (1~ + ~~~11~ = 0, then 
lim ,, j]lc - ~~11 = 0. If the norm II . II is locally uniformly rotund at 
each point of X, we call I] . I] a locally uniformly rotund (LUR) norm. A 
biorthogonal system (2;) xT}iEl c X x X* is called fundamental provided 
X = span ({~i}i~l). A fundamental biorthogonal system is a MurkuSevic’ 
basis if {x:}iEl is total (i.e. whenever for x E X, xf (x) = 0 for every 
i E I, then x = 0). If a Banach space has the (weak*) Mazur intersection 
property we say that its norm has this property. The characterization 
established in [5] is as follows: 
PROPOSITION 1.1 (GILES, GREGORY and SIMS). -A Banach space (X, II . 11) 
has the Mazur intersection property if and only if the set of weak” denting 
points O~BII.II. is dense in Sll,~l-. Analogously, the dual space (X” , II . II*) 
has the weak” Mazur intersection property if and only if the set of denting 
points of BII.II is dense in SII.II. 
It is worth observing that, by Proposition 1.1, a dual Banach space has 
the weak* Mazur intersection property provided its predual has a dense 
set of LUR points. 
2. A renorming theorem concerning the weak* Mazur intersection 
property 
Many efforts have been dedicated in the renorming theory to obtain 
sufficient conditions for a Banach space to admit an equivalent LUR norm. 
In this direction, TROYANSKI [22] proved that if a space admits a norm such 
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that every point of the unit sphere is denting, then it can be renormed with 
a LUR norm. It is quite natural to ask if this result is also true if the space 
has a norm with only a dense set of denting points in its unit sphere (that 
is, if the dual has the weak* Mazur intersection property). Following the 
ideas of [23], it is proved in ([2], Ch. VII) that if a Banach space has a 
MarkuSeviE basis, then there is an equivalent norm which is LUR at the 
points of the linear span of the MarkuSevic basis. Using the same argument 
of ([2], Ch. VII) and Troyanski’s .renorming techniques [21], we extend 
this result to those Banach spaces admitting a fundamental biorthogonal 
system. Therefore, even the dual of the space /?, (I’) can be renormed 
with the weak* Mazur intersection property [l] while & (N) admits no 
MarkuSevic basis [lo] and no LUR norm ([2], p. 74). Let us mention here 
that Troyanski’s technique is captured in ([2], Lemma 7.1.1). 
LEMMA 2.1. - Let X he a Banach space with a fundamental biorthogonal 
system {z;: 3$}iC~ C X x X*. Then, the subspace Y = span ({Ic~}~~I) 
admits a LUR norm. 
Proof. - We may assume that 11~: (1 = 1, i E I. Consider the disjoint 
union A = (0) U N U 1. Define the map T from Y into CO (Aj as follows: 
i 
lkll ifb=O 
T(z) (S) = 2-” G,, (z) if h = n E N 
XT; (1:) if % E I 
for every IC E Y and S E A, where 
Fa (4 = xi,, 1~: b)l 
E-4 (x) = dist (x, span ({n:i}g.~)) A C I. card A < 30 
G,, (ct.) = supcartl.~<,, {EA (4 + ~1 FA (4) - 
Clearly T (Y) c CO (A) and T is not a linear operator. To prove that T is 
continuous, observe that IE.4 (z)-E,a (y)l 5 [/z-~/l, IF-4 (x)-F.4 (y)l 5 
card A ]lz - gyI] and lim,, 2-” (1 + n2) = 0. Let p be the Day norm ([2], 
p. 6% on CO (A), and consider on Y the map 1x1 = p(T (z)), LC E Y. 
Since p is a lattice norm and I]x]] 5 IIT(z)lloc 5 2 I]x]], II: E Y, then 
/ . ) is an equivalent norm on Y. We claim that I . I is LUR. Take {x}, 
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{Ym) C Y so that lim, lyml = 1x1 and lim,, Iym + 21 = 2. AS p is LUR, 
lb, P (T (ym) - T  (x)) = 0 SO 
(1) lim , IIT (7~~) - T (x)llcx: = 0. 
Define A = {i E I; x:(x) # 0}, M = max{llx;l); i E A} and 
N > max {M, card A}. For every B c I with card B < cc we have 
so GAv (x) = NF.4 (x). By (1) there is mg such that, for every m 2 mu, 
IGN (ym) - GY (x)1 < E and INFA (ynl) - NF-4 (x)1 < E thus 
GN (ym) - NY4 (Y,,) I 2~ + G:Y (x) - FA (x) = 2~ 
and, hence, 
E.4 (ym) I Giv (em) - NFA (ym) L 2 F. 
This implies that lim, dist (yynl, span ({x;}~~A)) = 0 and the existence 
of {zm} C span ({zi}iEA) such that lim, IIyYm - zmII = 0. Using 
again (l), 
lim, maX&A 1x5 (Zm) - Xr (X)1 = lim, maXg4 1x8 (ym) - Xf (x)1 10 
so 
lim,, IIyYm - zll = lim,ll z,, - 511 = 0 
as we wanted to prove. 0 
THEOREM 2.2. - Let X be a Banach space with a fundamental 
biorthogonal system. Then X* admits an equivalent norm with the weak* 
Mazur intersection property. 0” 
ProoJ: - Let us consider a biorthogonal system {xi, fi}i,l C X x X’ ‘” 
such that X = span({xi}iEl) and the subspace Y = span({xi}iEl). 
Using Lemma 2.1, we obtain an equivalent LUR norm 1 . I on Y. Let 
11 + I I be the norm I . I extended to X. Then, the unit ball of II . I( 
is the closure of the unit ball of I . I. We claim that II . II is LUR at 
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each point of Y. Take y E Y \{ 0) and a sequence (2, } c X so that 
limn 2 (1jy/112 + ll1l;~]1~) - Ily + IC,~(~’ = 0. If we choose y,) E Y with 
IIyn - GII < l/n, then lim,, 2 (12/l’ + ]y1,12) - ly + yJ2 = (1 and, hence, 
lim,, )jzl, - yll = lim,, 1~~~ - yl = 0. Cl 
COROLLARY 2.3. - The dual space of e, (r) admits a dual norm with 
the weak* Mazur intersection property, 
Proofi - In [I] and [6] it is proved that & (I’) admits a fundamental 
biorthogonal system. 0 
LEMMA 2.4 [15]. -Let (X, II . II) b e a B anach space such that the norm 
II . II is Frechet d;fS t erentiable on an open set U c SII.II. Suppose that there 
exists f E sj1.11, and 0 < S < 1 such that {x E S’II,~~ : f(x) = S} 2 U. 
Then X admits a Frechet differentiable norm. 
PROPOSITION 2.5 (GEORGIEV) [4]. - Given a Banach space X, the set of 
norms having the Mazur intersection property is either empty or residual 
in N (X). Analogously, the set of dual norms having the weak* Mazur 
intersection property is either empty or residual in N* (X”) 
THEOREM 2.6. - A Banach space with a fundamental biorthogonal system 
admits a Frtfchet differentiable norm provided the set F*y is non-meager. 
Proof - By Proposition 2.5 and Theorem 2.2, X has a norm which is 
Frechet differentiable on a dense open set and has a dense set of denting 
points in its unit sphere. Then, using Lemma 2.4, we obtain that X admits 
a Frechet differentiable norm. q 
COROLLARY 2.7. - Let X be a separable Banach space. Then X is an 
Asplund space if and only if Fax- is non-meager. 
Proof. - Every separable Banach space admits a MarktGeviE basis ([ 131, 
p. 44). On the other hand, every dual separable Banach space admits an 
equivalent dual LUR norm ([2], p. 48). 0 
Theorem 2.6 shows that, for a rather wide class of Banach spaces, the 
condition “F-y non-meager” implies asplundness. Aside to this result, it 
is natural to ask whether every Asplung space X satisfies that Fay is 
non-meager. For instance, this is the case if the dual space has a dual LUR 
norm. The answer is, in general, negative. Indeed, next result shows that 
the Asplund space considered by HAYDON in [7] fails to have this property. 
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PROPOSITION 2.8. - There exists an Asplund space X satisfying that F,\- 
is dense and meager. 
Proo$ - Denote by wr the smallest uncountable ordinal, (L an ordinal 
number and consider L = Ucu<wl WY which is called the full uncountable 
branching tree of height WI. An element of L is a function t whose domain, 
denoted by dom t, is some countable ordinal (Y and whose codomain is 
WI. The tree-order on L is given by s 5 t when dom s 2 dom t and 
tld on, s = s. Intervals on L are defined in the standard way. We denote 
by (0, t] = {s E L; s 3 t}. L is equipped with the order-topology, the 
weakest topology for which all intervals (0; t] are open and closed. Then L 
is scattered and locally compact [2], [7]. We consider the Alexandrov 
compactification of L and denote by Co (L) the space of all continuous 
functions vanishing at infinity. It has been proved in [7] that there is no 
Gateaux differentiable norm on Co (L). 
We only need to show that Co (L) admits a fundamental biorthogonal 
system. Consider the set H = {t E L; dom t = wg + 1) and note that 
every point of H is isolated. It is useful observing that the space Co (L) 
is the closed linear span of the indicator functions { xco, TV, t E L} and thus 
of the set {x(o,~I\H, x((J,~I, t E L\H, s E H}. Denote by 6, E [I (L) 
the evaluation at the point s E H. Clearly, S = {x(~~,~I, Ss}sE~ is a 
biorthogonal system. Since the sets H, L and L\H have cardinal c, it is 
possible to write H = {sy, t E L\H, n E N}. Then, the set 
{x(o,t]\~ + (l/4 x(o.s;]> r-1 b;, t E L\H, rz E Nl 
is a fundamental biorthogonal system in Cc (L). 0 
3. Approximation by Frkhet differentiable norms on dense open sets 
In this section we are concerned with the question of the density of F,\- 
and Fzy-. G iven a Banach space X with dual X*, we show that F*y is 
dense if X* has the weak* Mazur intersection property and, analogously, 
F*y+ is dense if X has the Mazur intersection property. Then the space 
X = too (I’) satisfies that F,\- is dense while, by Theorem 2.6, FAy is 
meager if l? is infinite. The results of this section are mainly based in the 
following topological construction, which we call the main construction: 
for every A > 1, every subset F C X* and each mapping ‘p : F  + RS, 
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we say that (F, cp) is an admissible pair provided it verifies 
(2) b E x q.lli If b)I > cp (f)) # 0. .feF 
(3) {x E qI.ll; If (x)1 > cp (f)l = 07 fEF 
and also, if f, g E F, f # g, 
(4) b E x BII.II : If (4 > cp WI n b E x qll; I9 (4 > CP (9)) = 0. 
Consider a partial order into the set of all admissible pairs as follows: 
(F, cp) < (G, 4) if F c G and 4 restricted to F coincides with cp. If 
{(F;, cpi)}iEl is a totally ordered set of admissible pairs, take F = lJjEI Fi 
and cp : F + R+ so that cp (f) = cpi (f) if f E Fi. The mapping 
cp is well defined: if f E Fi n Fj then cp; (f) = pj (f) because either 
(Fi, cpi) 5 (Fj, qj) or (Fj, pj) 5 (Fi, pi). The pair (F, cp) is admissible 
for if f E F there exists 2. E I with f E Fi, so cp (f) = vi (f) and 
therefore (2) and (3) are verified. If f, g E F, there is 1; E 1 such that 
f, g E Fi since {Fj}icl is a totally ordered set by inclusion, so (4) also 
holds. Then, it is clear that (Fj , pi) 5 (F, cp), i E I and the set of 
all admissible pairs with the order 5 is inductive. Applying now Zorn’s 
lemma we know the existence of a maximal pair (M, q). Let us consider 
the equivalent norm 1 . I with unit ball 
(5) 
In fact, I . ( is a X-isomorphic norm to II . (I since BII.I~ E Bl.1 C XBII.II. 
LEMMA 3.1. - Let (M, rl) be an arbitrary admissible pair and I + 1 the 
norm dejned as above. Then, the unit sphere 5’1.1 satisfies the following 
properties: 
(6) sf = {x E qI.II; If(x)I = v(f)) c Sl.1, f E M 
(7) 
Proof. - Indeed, assume that there exists g E M, g # f with 
Y E Sfn{x E XQ; I9 (4 > 7 (9)). If IIYII < X3 then ~YAIYII E XBll.l~ 
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and If (~Y/IIYII)I > If(~)l = rl(.f). On the 0th~ hand lu(~ylll~ll)l > 
(g (y)l > n(g) so we have a contradiction with (4). In the case llyyll = X, 
we take E > 0 such that 
B (Y, 4 = Y + E B11.11 c 1~ E X; 19 64 > 7 Mb 
It is clear, by (2), that we can choose z E B (y, E) so that If (2) I = rl (f) 
and llzll < X, thus we are in the previous situation and (6) is proved. In 
order to prove (7), suppose that there exists y E Sl.l\ UfELir Sf with 
IIyyII < X. Then 
C PY; 1 < CL 5 h c X Bll.~l\Bl.l 
that is, there is g E M such that lg (Xyy/IIyyII)I > r)(g). Since 
19 (~11 < 71 Cd, there is PO E (1, X/ll~ll> verifying IdcLo Y)I < ~1 Cd. 
Also ,q) y $! B1.l because ~(1 > 1 and y E 5’1.1, so there should be h E M, 
1~ # g, such that I h (PO y) I > rl (h) but this implies 
$, E {x E MI.II; Is(~)1 > q(g)) n b E ,=$ll : IhW ’ v(h)) 
a contradiction with (4). Cl 
In the following result, we essentially prove that norms whose dual norm 
has the weak* Mazur intersection property can be uniformly approximated 
by locally linear norms on dense open sets. We use in the proof dentability 
conditions and duality properties are not used at all. 
PROPOSITION 3.2. -Let (X, 11.11) b e a B anach space such that (X*, 11 . II*) 
has the weak* Mazur intersection property. Then, the norm II . II is in the 
closure of F*y. 
ProoJ: - We keep the notation used in the main construction. Given 
X > 1, we perform the main construction on )I . I/ to obtain a norm I . I 
X-isomorphic to 11 . II. We claim that I . I is Frechet differentiable on a 
dense open set. Define the sets 
intS,f = {Y E i1ltXBl1.11; If(~)1 = v(f)) 
Sff = {Y E +I; f (Y> = ‘rl (f)l 
intSf = {y E intXB~l.ll; f(y) = q(f)} 
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and ST = -Sf+, int S- = -int ST. Clearly, St = Sf+ U S.f and f 
int Sf = int Sf+ U int ST. It can be easily checked also that int Sf , int 
SF and int SF are the interior sets of Sf , ST and S,f respectively in the 
relative topology of the hyperplanes { y E X; If (y) ] = rl (f)}. 
First of all, we prove that the sets int S,, are open sets of St.1 and the 
norm ] . ] is linear there. It is enough to show that int ST is an open set 
of the unit sphere. Indeed, if g E int ST c Sf c ,!+,I then f (y) = q (f) 
and f (y) (n (f))-l = 1 = ] y yl. On the other hand, the function g from 
{z E X; f(z) > 0} into {z E X; f(x) = 71(f)} defined as 
g(x) = I](f)(f(s.))y z 
is a continuous function. Since int ST = int X Bj~.ll n (3~ E X; f (x) = 
71 (f)} is an open set in the relative topology to the hyperplane, 
9-l (int S;) is an open set of {:r E X; f (z) > 0} and hence of X. 
Our affirmation follows from the fact that int Sf+ = 9-l (int Sf’) n Sl.1. 
From the previous considerations we deduce that, to conclude the 
proof, it is enough to see that Sl.1 = Uf Edl Sf . Assume the contrary: 
SI.I\U~~~~~ Sf # 0. Using (7) we have that SI.I\U~~~~~ Sf is an open set 
of X ,S’~I,II and thus, by Proposition 1.1, we can find a denting point LC of 
Jql.II with z E x S#II\U.f&U .f’ S This implies the existence of g E X* 
and b > 0 such that 
(81 g (U,fEM Sf u Jq.Il) < I-L < YW 
Let us consider now the pair (M U {g} : 0, being 5 ( f ) = n ( f ) for each 
f E n/r and C (9) = p, which is an admissible pair. Indeed, using (8) it 
follows that (M U {g}. <) verifies (2) and (3). If (4) is not fulfilled, 
then there exists f E A4 and z E X SII.II such that If (2) ] > rl (f) 
and g (2) > h. On the other hand, g (y) > p for every point of the 
segment [z, z] = { v z + (1 - V) z : v E [0, 11) and If(z)] < ‘r~ (f), since 
5 E Sl.l\Sf, so therefore there exists y E [x, z] with if (y)] = n(f) that 
is, y E St, a contradiction with (8). Clearly, (M, n) < (MU {g}, <) and 
this contradicts that (n/r, n) is a maximal pair. Thus Sl.1 = UfEAkr S,f and 
the proposition is proved. 0 
THEOREM 3.3. - A Banach space X whose dual has the weak* Mazur 
intersection property satisjes that F*y is dense. 
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ProoJ - Using Proposition 2.5, we know that the set of dual norms 
having the weak* Mazur intersection property is dense. The result follows 
now from Proposition 3.2 and the fact that the dual mapping is an 
homeomorphism. Cl 
THEOREM 3.4. - A dual Banach space X” whose predual has the Mazur 
intersection property satisfies that F-y* is dense. 
Proof. - Let 11 . II* b e a dual norm with a dense set of weak* denting 
points in SII.II*. For every X > 1 ,F c X and cp : F  t R the pair 
(F, cp) is said to be admissible if it verifies the conditions (2), (3) and (4). 
Applying the main construction to the norm 11 . II* we obtain a new norm 
1 . I*, X-isomorphic to 11 . iI*, with unit ball 
which is Frechet differentiable on a dense open set. Since BI.I* is an 
intersection of weak* closed sets then I . I* is a dual norm. Again, the 
conclusion follows by Proposition 2.5. 0 
There exist significant results linking Mazur and weak* Mazur 
intersection properties with differentiability of convex functions [3], [ 111. 
For instance, KENDEROV and GILES [I l] proved that in the case that a 
norm has the Mazur intersection property and its dual norm has the weak* 
Mazur intersection property, then both norms are FrCchet differentiable 
on dense Go sets. This result should be compared with Theorem 3.3 and 
Theorem 3.4. 
GILES, GREGORY and SIMS asked in [5] if spaces with the Mazur 
intersection property are Asplund spaces. This question have been 
answered negatively in [8] by showing that every Banach space can be 
complementably embedded into a Banach space with the Mazur intersection 
property. It is also given in [8] an example of a non-Asplund space X, 
namely X = ll $ ez (R), with the Mazur intersection property and whose 
dual has the weak* Mazur intersection property. According with the results 
of [4], the set of equivalent norms on X which are Frechet differentiable 
on a Go dense set is residual. However, by Theorem 2.6, the set FLy 
is meager. 
Although Theorem 2.2 can be applied to a wide class of Banach spaces, 
examples of spaces admitting no fundamental biorthogonal system can be 
found in [17] and [19]. Actually, it has been proved in [8] that the dual 
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of a space constructed by KUNEN [ 17 J assuming the continuum hypothesis 
admits no equivalent norms with the weak* Mazur intersection property. 
Aside from the results showed in this paper, a question remains open: 
Does “F,y non-meager” always imply that the space is Asplund? Also, it 
is not clear if the set F-y is residual provided it is non-meager. Finally, 
we should mention that it is unknown the existence of a Banach space X 
for which F*y is not dense. 
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